Abstract. In [3], we started the investigation of compactness in fuzzy function spaces in FCS, the category of fuzzy convergence spaces as defined by Lowen/Lowen/Wuyts [8] . This paper goes somewhat deeper in the investigation of fuzzy function spaces using the notion of splitting and conjoining structures on fuzzy subsets. We discuss the connection to the exponential law and give several examples of such structures. As a special case, we study a notion of fuzzy compact open topology.
1. Introduction. The theory of fuzzy topological spaces is meanwhile highly developed. Especially, compactness and separation axioms have been thoroughly studied. Yet, one important field of classical topology has not yet attained wide attention in fuzzy topology: the theory of function spaces. Function spaces play an important role in functional analysis, in the theory of differential equations, in complex analysis, and in almost every other branch of modern mathematics, not to forget in topology itself. Therefore, it seems desirable to study function spaces also in fuzzy topology. In the meantime, three papers on this subject have appeared (Peng [11] , Dang and Behera [2] , and Alderton [1] ). The fact that FTS, the category of fuzzy topological spaces (Lowen [9] ), is not cartesian closed led Lowen and Lowen [7] to the definition of FCS, the category of fuzzy convergence spaces. This paper takes FCS as a starting point to discuss certain fuzzy function space structures via splitting and conjoining structures. It continues a previous paper by the author, where compactness in fuzzy function spaces in FCS was considered [3] and also considers function spaces in FTS. For a ⊂ X, we denote by 1 a the characteristic function of a and in case a = {x}, we write 1 x . For the characteristic function of the whole set X, Y , Z, we write for short again X, Y , Z. The fundamental definitions of fuzzy set theory and fuzzy topology are assumed to be familiar to the reader. We especially take Lowen's definition of fuzzy topology [9] . In order to make this paper self-contained, however, we summarize the main results of our papers [3, 4, 5] . Given a fuzzy subset A ∈ [0, 1] X , we denote If A = X, we regain the usual definition. 
Preliminaries. Let
are prime fuzzy filters. The set F(A) of fuzzy filters on A is ordered by set inclusion. For F ∈ F(A), the set P(F) of all prime fuzzy filters finer than F is inductive and, by Zorn's lemma, there exist minimal elements in P(F), the set of which is denoted by P m (F) (cf. Lowen [10] ). For a fuzzy filter F ∈ F(A), the system ı(F) := {F 0 : F ∈ F} is a filter on A 0 . F is a prime fuzzy filter if and only if ı(F) is an ultrafilter. We further call for a fuzzy filter F ∈ F(A)
its characteristic value (Lowen/Lowen [6] ). For A ∈ [0, 1] X , we call a mapping lim :
a fuzzy convergence on A if and only if the following conditions are satisfied:
(cf. [5, 7, 8] ). The pair (A, lim) is then called a fuzzy convergence space (fcs for short). A fuzzy topological space (X, ∆) can be considered as an fcs if we put, for F ∈ F(X), 
(B).
For more details on this subspace concept, see [3, 4, 5] .
If
. For more details, we refer to [5] . 
fuzzy mappings and if we define, as usual, the product-mapping
f × k(a, c) := (f (a), k(c)), then it is easily verified that f × k(A × C) ⊂ B × D. Hence, we can define the fuzzy product-mapping g × h := f × k | A × C : A × C → B × D.B × D to B respectively D, then g(π A (F )) = π B (g × h(F )) and h(π C (F )) = π D (g × h(F )). Proposition 2.2. Let (A, lim A ), (B, lim B ), (C, lim C ),
and (D, lim D ) be fcs's and let g : A → B and h : C → D be continuous fuzzy mappings. Then the product-mapping
g × h is (lim A × lim C , lim B × lim D )-continuous.
Continuous convergence on fuzzy subsets (The space C(A, B)). Let in this number
We then have B
e., we do not need to distinguish between mappings from A 0 to B 0 and fuzzy mappings from A to B. For a mapping g : A 0 → B 0 , we put 
and c-lim
For an arbitrary fuzzy filter F ∈ F(B A ), we derive c-lim F by (PST). c-lim then satisfies (PST), (F1p), and (F2p) and, in general, fails to satisfy (C1). Therefore, we speak of c-lim as a " weak fuzzy convergence structure" (cf. [3] 
Proof. We prove that C([F], g) = C M (F,g). Let α ∈ C([F], g) and let Θ ∈ F(M ×
i.e., α ∈ C M (F,g). (C(A, B) , c-lim) satisfies the axiom (C1), i.e., is an fcs. We finally mention a result due to Lowen/Lowen [7] . Let X, Y , Z be nonvoid sets and f : X × Y → Z be a mapping. We define a mapping ϕ(f ) :
Conversely, let α ∈ C M (F,g) and Θ ∈ F(B
The just-defined bijection ϕ :
X is called an "exponential map" (Poppe [12] ).
Proposition 3.3. Let (X, lim X ), (Y , lim Y ) and (Z, lim Z ) be fcs's. Then ϕ C(X × Y ,Z) = C X, C(Y , Z) . (3.9)

Here, C(Y , Z) is provided with the fuzzy convergence of continuous convergence and X × Y with the product fuzzy convergence lim
X × lim Y .
Proof. ϕ(C(X × Y ,Z)) ⊂ C(X, C(Y , Z))
is shown in [7, Thm. 5.2]. The reverse inclusion follows using the continuity of the evaluation map (Proposition 3.2) and the continuity of the fuzzy product-mapping (Proposition 2.2) in exactly the same way as the proof of the corresponding "classical" theorem 2.2, (a)⇒(b) in Poppe [12] . Splitting and conjoining fuzzy convergences are closely related to the "exponential law" (for corresponding "classical" results (cf. Poppe [12] )).
Splitting and conjoining fuzzy convergences
Proposition 4.3. Let (Y , lim Y ), (Z, lim Z ) be fcs's and lim be a fuzzy convergence for C(Y , Z). Then the following are equivalent: (i) lim is splitting for C(Y , Z), (ii) for each fcs (X, lim X ), we have ϕ(C(X × Y ,Z)) ⊂ C(X, (C(Y , Z), lim)).
Proof. Let first lim be splitting for C(Y , Z). From Proposition 3.3, we get that, for a continuous fuzzy mapping f : X × Y → Z, the fuzzy mapping ϕ(f ) : X → (C(Y , Z), c-lim) is continuous. Hence, for a prime fuzzy filter F ∈ F(X), we have
ϕ f (lim X F) ⊂ c-lim ϕ f (F) ⊂ lim ϕ f (F), (4.1) i.e., ϕ(f ) is (lim X , lim)-continuous.
Conversely, let condition (ii) hold. (C(Y , Z), c-lim) is a fuzzy convergence space and, hence, ϕ C (C(Y , Z), c-lim) × Y ,Z ⊂ C (C(Y , Z), c-lim), (C(Y , Z), lim) . (4.2) By Proposition 3.2, the evaluation map ev is continuous, i.e., ev ∈ C((C(Y , Z), c-lim)× Y ,Z) and, hence, ϕ(ev) ∈ C((C(Y , Z), c-lim), (C(Y , Z), lim)). As ϕ(ev)(g)(y) = ev(g, ·)(y) = ev(g, y) = g(y) = id C(Y ,Z) (g)(y), i.e., ϕ(ev) is the identity map on C(Y , Z), we conclude that lim ≤ c-lim, i.e., lim is splitting for C(Y , Z).
Proposition 4.4. Let (Y , lim Y ), (Z, lim Z ) be fcs's and lim be a fuzzy convergence for C(Y , Z). Then the following are equivalent: (i) lim is conjoining for C(Y , Z), (ii) for each fcs (X, lim X ), we have C(X, (C(Y , Z), lim)) ⊂ ϕ(C(X × Y ,Z)).
Proof. Let first lim be conjoining for C(Y , Z), and let
f : (X, lim X ) → (C(Y , Z), lim) be continuous. As c-lim ≤ lim, then also f : (X, lim X ) → (C(Y , Z), c-lim) is continuous.
This yields C(X, (C(Y , Z), lim)) ⊂ C(X, (C(Y , Z), c-lim)). Proposition 3.3 now implies condition (ii).
Conversely, let condition (ii) hold. As (C(Y , Z), lim) is an fcs, we obtain
As id C(Y ,Z) is (lim, lim)-continuous, we deduce, herefrom, that 
and derive lim ı respectively lim δ for arbitrary fuzzy filters on A by (PST), then the following proposition holds.
Proof. (i) That lim ı is a fuzzy convergence on A is obvious and, obviously, lim δ satisfies axioms (F1p), (PST), and (C1). If F, G ∈ F(A) are prime fuzzy filters and
and also (F2p) holds.
(ii) Let F ∈ F(A) be a prime fuzzy filter. As an immediate consequence of (F1p), we obtain lim
and, hence, A ∩ 1 x ∈ F. From this, we conclude that, for F ∈ F,
Hence, it follows, by (F2p) and (C1), that We put for a prime fuzzy filter F ∈ F(M) and a fuzzy
and define 6) and derive sc-lim F for arbitrary fuzzy filters on M by (PST). Proof. We put M := C(A, B). Let F ∈ F(M) be a prime fuzzy filter and g ∈ C(A, B) 0 . Further, let α ∈ SC M (F,g) and Θ ∈ F(M ×A) be a prime fuzzy filter such that π M (Θ) ≤ F and let x ∈ A 0 . Then g(x) ∈ B 0 and the continuity of g yields
Hence, α ∈ C M (F,g) and so sc -lim ≥ c-lim on M.
Splitting and conjoining fuzzy topologies.
In this number, we only consider fuzzy topological spaces (X, ∆), (Y , Γ ) in the sense of Lowen [9] and crisp subspaces of Y X . As in the (classical) theory of convergence space (Poppe [12] ), we call a fuzzy topology T on a crisp subset M = 1 M 0 ⊂ Y X splitting (resp. conjoining) for M if and only if the corresponding fuzzy convergence lim(T) is splitting (resp. conjoining) for M.
6.1. The discrete and the indiscrete fuzzy topologies. Let X be a nonvoid set. If we put ∆ δ := F X (X) and ∆ ı := {α : 0 ≤ α ≤ 1}, then, obviously, ∆ δ and ∆ ı are fuzzy topologies on X. ∆ δ is called discrete fuzzy topology on X and ∆ ı is called the indiscrete fuzzy topology on X. 
The fuzzy compact open topology.
In [11] , Peng defines a notion of fuzzy compact open topology using the notion of N-compactness due to Wang [13] . Here, we alter his definition slightly using Lowen's [9] If we restrict the functions (1 k ,G) on C(X, Y ), then the subspace topology of ∆ co is also denoted by ∆ co . For the proof of the next proposition, we need two lemmas, the proofs of which are left to the reader.
